The different ground state energies of N -pion and M -kaon systems for N +M ≤ 12 are studied in lattice QCD. These energies are then used to extract the various two-and three-body interactions that occur in these systems. Particular attention is paid to additional thermal states present in the spectrum because of the finite temporal extent. These calculations are performed using one ensemble of 2+1 flavor anisotropic lattices with a spatial lattice spacing a s ∼ 0.125 fm, an anisotropy factor ξ = a s /a t = 3.5, and a spatial volume L 3 ∼ (2.5 fm) 3 . The quark masses used correspond to pion and kaon masses of m π ∼ 383 MeV and m K ∼ 537 MeV, respectively. The isospin and strangeness chemical potentials of these systems are found to be in the region where chiral perturbation theory and hadronic models predict a phase transition between a pion condensed phase and a kaon condensed phase. * Electronic address: wdetmold@wm.edu † Electronic address: smigs@u.washington.edu 1 arXiv:1103.4362v1 [hep-lat]
I. INTRODUCTION
An important goal of nuclear physics is to calculate nuclear properties and processes from Quantum Chromodynamics (QCD). The only known way to perform such calculations in an ab initio manner is using the non-perturbative formulation of QCD on a space-time lattice (lattice QCD). Much progress has been made in recent years in studying few hadrons systems, see for example the recent review of Ref. [1] . Many channels of meson-meson, meson-baryon and baryon-baryon interactions have been studied using the finite volume behavior of two-particle energy levels [2] [3] [4] [5] . Ground state energies of three- [6] and four- [7] baryon systems have been computed for the first time in QCD and quenched QCD, respectively. To become a central part of nuclear physics, the successes of lattice QCD in the realm of few-hadron systems must be translated into the realm of many hadrons and the complexity frontier must be addressed. To this end, recent work has focused on numerical investigations in systems of up to twelve pions or kaons [8] [9] [10] [11] , and algorithms [12] have been constructed to greatly extend these studies. An important outcome of these studies was the extraction of the two-and three-body interactions in pion and, separately, kaon systems. The shifts in the N -meson energy levels at finite volume were calculated numerically and then compared with the analytical expectations derived in Refs. [13] [14] [15] . These calculations also probed the relation between isospin(hypercharge) chemical potential and isospin(hypercharge) density, finding agreement with the predictions of chiral perturbation theory [16, 17] .
In this work, we study more complicated multi-meson systems involving both pions and kaons. As in the single species case, the expected volume dependence of the energy of an N -π + , M -K + system has been computed [18] and these calculations will enable us to extract the scattering lengths for the three two-body interactions,ā π + π + ,ā π + K + ,ā K + K + , and also to study the various zero momentum three-body interactions, parameterized asη 3,πππ ,η 3,ππK , η 3,πKK ,η 3,KKK (restricted to the maximal isospin in each case). Multi-meson systems such as these exhibit a rich phase structure [16, 19] and are phenomenologically relevant in a number of settings ranging from RHIC [20] to the interiors of neutron stars [21] . At low temperatures, the ground-state of a finite density system of, for example, pions is expected to undergo a transition from a Bose-Einstein condensed phase [19, [22] [23] [24] [25] [26] ] to a BCS-type superconducting phase as the isospin chemical potential is increased, and other interesting phenomena such as ρ-condensation may also occur [27] [28] [29] . Similar effects are expected in kaon systems. The phase structure of a mixed system of pions and kaons is a less well investigated question. Studies in the NJL (Nambu-Jona-Lasinio) model, [30] [31] [32] , random matrix theory [33] , and SU(3) chiral perturbation theory (χPT) with non-zero isospin and hypercharge chemical potentials [17] , suggest that pion and kaon condensed phases compete in interesting ways for different ranges of isospin and hypercharge chemical potentials.
In the following, we focus on numerical analysis of lattice QCD realizations of these complex multi-meson systems and on the methodology needed to extract the two-and three-body interactions. We calculate the 90 possible two-point correlation functions involving N -π + s
and M -K + s for all N + M ≤ 12. These results are then analyzed to extract the ground state energies of the appropriate quantum numbers, taking care to account for thermal excitations in the lattice volume. Finally, the resulting large set of energies is used to extract the seven underlying interactions discussed above. The extracted energies also allow us to study the chemical potential of these systems. This study is performed using a single ensemble of 2+1
flavor anisotropic gauge field configurations generated by the Hadron Spectrum Collaboration [34] and so should be viewed as an exploratory study, testing methods necessary for analysis of complicated many body systems. Future work with different lattice spacings, volumes and quark masses will allow contact with experiment [35] [36] [37] [38] [39] , in the case of two-body interactions, and with other lattice studies.
II. MULTI-HADRON CORRELATION FUNCTIONS
In order to extract the energies of the multi meson systems, we will study the behavior of two point correlation functions
where the pion and kaon interpolating operators are defined in terms of quark fields as
, respectively. This system corresponds to a system of N π + 's and M K + 's with total momentum, P tot = 0.
It is instructive to first consider the form of such correlation functions which can be generically expressed as with infinite (Euclidean) temporal extent, application of the transfer matrix formalism shows that
where the sum runs over all eigenstates with the quantum numbers of the operators under study. The E k are the energies of eigenstates |E k and Z k = 0|Ô
large Euclidean time, the correlator is dominated by the ground state energy of the system,
However, in a system with a finite temporal extent, T , a natural choice of temporal boundary conditions for quark and gluon fields, anti-periodic and periodic respectively, will force C(t) to be periodic (assuming the operators under study are bosonic, as in Eq. (2.1)). The expected form of the correlation function can again be inferred: 4) with Z = tr(e −TĤ ). The contributions on the right-hand side of Eq. (2.4) can be separated into two distinct classes. The first class is defined by choosing |E n to be the vacuum state (E n = 0) and correspond to the ground state and excited states of the system. These contributions are special as they persist in the T → ∞ (or zero temperature) limit. The remaining contributions exist solely due to the finite time extent and are known as thermal states [8, 10, [40] [41] [42] [43] [44] . These states vanish as T → ∞ because of the first exponential under the sum in Eq. (2.4).
Thermal contributions can be illustrated with a concrete example. Consider C 4,0 (t) which corresponds to a system with the quantum numbers of four pions. The correlation function is dominated by a sum of three contributions in the large t limit: 5) where t T = t − T /2, the ellipsis denotes contributions involving excited pion systems that we will ignore in the current discussion, and theZ's are constant with respect to time. The first term in Eq. (2.5) corresponds to states where all four π − 's propagate forward in time (|E n = |0 , |E m = |4π ) and four π + 's propagate backward in time (|E n = |4π , |E m = |0 ). The second term represents three π − 's propagating forward in time and one π + propagating backward in time (|E n = |π , |E m = |3π ) as well as three π + 's propagating backward in time and one π + propagating forward in time (|E n = |3π , |E m = |π ). Finally, the last term arises from two π − 's propagating forward in time and two π + 's propagating backward in time (|E n = |2π , |E m = |2π ).
The general form for the correlation function of N -pions and M -kaons can be straightforwardly worked out and is given by the following Thermal states contribute to most lattice calculations and need to be considered in precise analyses. They are particularly prevalent in the multi-hadron context as these systems easily factorize into multiple color singlet states that can propagate over long distances. In
Refs. [8] [9] [10] , the issue of thermal states was avoided by using Dirichlet boundary conditions.
In principle, such boundary conditions introduce unknown contamination into correlation functions, however these works analyzed correlations significantly separated from the boundary to reduce such effects.
III. DETAILS OF LATTICE CALCULATION
The lattice calculations presented in this work are based on a single ensemble of anisotropic gauge field configurations generated by the Hadron Spectrum Collaboration [34] .
These configurations were generated using a stout smeared [45] gauge action and a 2+1 flavor clover fermion action; further details can be found in Refs. [34] . The spatial and temporal lattice spacings are a s = 0.123 fm and a t = a s /ξ respectively, where ξ = 3.5 is the renor- Our analysis makes use of light and strange quark propagators generated by the NPLQCD collaboration. For each configuration, randomly positioned APE [46, 47] smeared sources were used to generate approximately 75 propagators. The EigCG inverter [48] was used to perform the multiple inversions efficiently. These propagators were then APE smeared at the sink and combined into the correlation functions of Eq. (2.1).
Naively, the number of contractions involved in the correlation functions of Eq. (2.1) is enormous, (N + M )!N !M !. To compute the requisite contractions, we extend the methods developed in Ref. [9] to the mixed species case. Following the manipulations of Ref. [9] it is straightforward to show that for arbitrary 12 × 12 matrices, Π, K:
where the S f correspond to the source and sink smeared quark propagators of flavor f .
Additionally, one can generalize the results of the single species case to show that in the mixed species case,
where
By expanding the exponential to a particular order in λ P and λ K , and equating Eq. (3.1) and Eq. (3.4), one can identify the function C N,M (t).
The computational complexity of these two-species contractions is significantly more than that of the single species cases studied previously. The reader can find an example, the C 4π,3K (t) correlator, in Eq. (B1). As in the single species cases [9, 10] , high precision arithmetic is required to perform these contractions correctly and this is implemented using the arprec and qd libraries [49] . Explicit calculations for all N + M = 13 correlation functions show these correlators vanish to the requisite precision and are an effective check of the correctness of our code. The computational cost of computing all contractions C N,M (t)
for N + M ≤ 12 and all 0 ≤ t < 128 is approximately twenty minutes on a single core, compared to a few seconds for the single species case. While not available at the time that the current calculations began, the recursive constructions developed in Ref. [12] provide an alternate, and computationally more efficient, way of generating the contractions. The results of both methods agree to arbitrary precision.
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IV. VOLUME DEPENDENCE OF MULTI-HADRON ENERGIES
As discussed above, the calculations of the correlators in Eq. (2.6) determine the energies of the mesonic systems. These can in turn be used to determine the interactions through the well-known results of Lüscher [3, 4] in the two body case and the results of Refs. [13] [14] [15] 18] in the many meson case where a perturbative expansion in the inverse volume is performed.
A. Volume dependence of two particle energies
An extraction of the scattering lengths from the single species and mixed species two particle systems provides a baseline reference with which to compare the results of the multi-particle analysis. In the center-of-mass frame, we define the interaction momentum, Lüscher's formula relates this momentum to the phase-shift, δ(p), of two particle scattering 2 In future calculations that extend the number of pions and kaons beyond twelve, these recursive techniques will be critical as the explicit code generated for all the requisite contractions would be unmanageably large.
where j ∈ Z 3 and
is a regulated three dimensional zeta function. By expanding the left-hand side of Eq. (4.1)
p 2 , the scattering length, a, can be determined. In the absence of interactions, S possesses poles at j = 2πn/L for n ∈ Z 3 .
With interactions these poles are shifted. One then computes a as:
Using this formula with the associated one-body and two-body energies will yield precise determinations of the scattering lengths as the one-and two-body energies are the most cleanly determined and the above results only omit exponentially suppressed finite volume effects.
B. Volume dependence of multi-meson energies
In Ref. [18] , the energy shift of a system N -pions and M -kaons in a finite volume from the corresponding non-interacting system was calculated. The shift is given by:
where the parametersā ij are related to the scattering lengths and effective ranges through [9, 18] :
It is theā ij parameters that will be determined in the current lattice calculations. The four volume dependent (but renormalization scale independent) quantities characterizing the momentum independent three-body interactions are defined by (y = m π /m K ): 8) and
with i = π, K. The functionsQ,R, q, and r along with the coefficients f i are defined in
Ref. [18] . The finite parts ofQ(a, b) andR(a, b) are scheme dependent quantities where changes in the value will be compensated by changes in η 3 (µ); the numerical values for the Minimal Subtraction (MS) scheme are given in Ref. [18] . However, theη 3 are scheme independent and these are the quantities that will be determined during a lattice calculation.
Furthermore, the three-body interactions in the ππK and πKK cases depend on the mass ratio, m π /m K . Finally, in the limit of N → 0 or M → 0, this result simplifies to the previously determined N -boson case while the limit M → N with m K → m π and all interactions set to be equal it simplifies to the 2N -boson case.
V. ANALYSIS STRATEGIES
After calculating the above correlation functions on the ensemble of gauge configurations, we obtain lattice measurements of C N,M (t) in Eq. (2.1). Provided that we can reliably deal with the presence of thermal and excited states, these allow us to extract the ground state energies of the N -pion, M -kaon systems. By matching these measurements onto the analytic expectations of Eq. (4.6), the various two-and three-body interaction parameters can then be extracted. There are many ways in which such an analysis could proceed. One could attempt to directly fit the correlation functions in terms of overlap factors, and the scattering parameters and three-body interactions by inserting the explicit form of the energies from Eq. (4.6). However, we choose to perform this as a two stage analysis, first extracting the various energies by fits to the correlation functions using the model functions of Eq. (2.6) and then subsequently fitting these energies to the analytic forms of Eq. (4.6) to extract the interaction parameters. The primary advantage of this approach to performing the fits is increased stability, however, care must be taken to preserve the significant correlations between the different correlation functions which are computed on the same set of gauge configurations.
A. Wavefunction Overlap
As shown in Eq. (2.6), the Z-factors for each term are in general distinct. This makes for a difficult analysis since there are large numbers of linear and non-linear fit parameters that must be determined. In the non-interacting system, these Z-factors are simply related.
In the single-species case, the relation would be Z
to each term. The factorial simply counts the number of ways that n-pions propagate forward and (N − n) propagate backward. Generalizing this to the multi-meson case leads
In an interacting system, however, this relationship does not hold.
Nevertheless, in this work, we study pion and kaon systems with relatively weak interactions, and therefore we employ the ansatz above for the wavefunction factors. We stress this is a crucial assumption, allowing us to subsequently fit all 90 correlators. As a check, analyses were also performed allowing the Z-factors to remain distinct for as many correlators as possible. Results from both methods were found to agree within uncertainty, but a full analysis using independent Z N −n,M −m n,m 's proved unfeasible.
An alternative method that can be utilized for these systems is the method of Variable Projection (VARPRO) [50, 51] of parameter space is immediately tested. In an earlier stage of our analysis, the VARPRO method (with priors) was used for correlators with lower total particle number. The results were found to agree within uncertainty with the results using the ansatz above.
As a final check, the fitted energies were substituted back into the form for the correlator and compared against the original data set. Consistency was achieved within uncertainty.
Therefore, for the remainder of this work, we assume the simplified form for the wavefunction overlap.
B. Thermal effects of Correlation Functions
A particular multi-meson correlator depends not only on its ground state energy in the large-T limit, but also upon fewer body energies in the thermal states that were discussed earlier.
To account for this, we began by fitting the one pion(kaon) correlator to determine E 1,0 (E 0,1 ) with a bootstrap method as will be explained below. Once these values were known, we turned to the two pion(kaon) correlator. This correlator depends on E 2,0 (E 0,2 ) and E 1,0 (E 0,1 ). Instead of refitting both energies, we used previous bootstrapped values of E 1,0 (E 0,1 ) in the two pion(kaon) fit function. This is reasonable since the cleanest signal for the E N,M energy will come from its respective correlator. To preserve all covariances in the data, the same bootstrap sample of gauge field configurations was used for all correlators.
This sequential procedure was used to build up the analysis and ascertain all of the multimeson energies. The fitted results for the energies and their statistical and systematic errors can be found in Tables I and II . In this work, we utilized the bootstrap method of statistical resampling to estimate uncertainties. To construct the bootstrap ensembles, we first averaged over correlators from all sources on each gauge configurations, for each N, M . Let C k (t i ) be a given correlation function for some fixed number of pions and kaons, N and M , calculated on a given gauge field configuration k at time t i . Then we denote this set as
M = 400. The data covariance matrix is defined from the full data set as:
. Next, we randomly sampled configurations from the full data set and constructed a bootstrap sample, B 1 (t i ) of M elements, for each time t i . This sample was averaged to yieldB 1 (t i ) and this entire process repeated P times where P = 450, resulting in:
For each of theB j , a χ 2 j function was determined as: In order to assess the reliability of the fits, we define the goodness-of-fit,
j /2 , where d is the number of degrees-of-freedom, for each χ 2 j . Once a best fit energy is selected on each bootstrap sample, we determine a weighted average for the ensemble,
with weights Q j , and a weighted standard deviation,
To assign a systematic uncertainty for the extracted energies, we return to the fits performed to the correlators. This is a necessary component of the analysis since there exists arbitrariness in the choice of which t min and which ∆t were selected for the correlation function fits as explained above. The systematic error on the best fit energy is defined as 5) where E N,M (∆t +,− ) are the energies extracted from C N,M (t) using the time intervals [t min + 1, t max + 1] and [t min − 1, t max − 1].
D. Two and Three Body Parameters
The second stage of our analysis now focuses on the extraction of the scattering lengths and three-body coefficients from the measured energies using Eqs. (4.5) and (4.6). These determinations rely on a second bootstrap analysis involving a resampling of the extracted energies. The bootstrapping procedure for a specific correlation function yielded P energies, and these formed the bootstrap samples for the extraction of the two and three-body parameters.
Once the best fit multi-meson energies were known, a very similar procedure used for the analysis of the correlators was used to find theā's andη's. Since a bootstrap ensemble exists for every best fit energy value, we created an energy sample, E α such that α ∈ [1, P].
This sample carries an additional vector index that labels the energies within the vector. In the case of single species pion energies (the kaon case is identical), an energy vector initially
4,0 } was used to fit toā ππ andη 3,πππ . We included another energy and refitted the interaction parameters and repeated this until all the energies were exhausted. In the multi-species case, a base set of {E
0,12 } along with ten randomly selected multi-species energies was created and fits performed for all seven hadronic parameters. This first set thus made use of 34 different energies. This set was enlarged by one, the parameters were refitted, and the process repeated until all ninety energies were used. The energy covariance matrix used in these fits, is defined according to:
such that E i = (1/P) P α=1 E α,i , and the energy χ 2 on each bootstrap is defined as:
where f (ā,η) is shorthand notation for the fit functions in Eqs. (4.4)-(4.6).
The systematic errors assigned to theā's andη's are more complicated than those of the energies. Given a particular energy set of N energies that are used to make a determination ofā's andη's there are 3 N different combinations of the intervals that must be fit in order to completely propagate the systematic uncertainties of the energies to those of the interaction parameters (it is 3 N because there is a [t min , t max ] for each best fit energy as well as its systematic counterparts corresponding to the shifted time interval in the forward and backward direction). Even in the single species case, when N = 10, there are already ∼ 6 × 10 4 combinations. For the multi-species case, it is too costly to fit all these permutations. Rather, we only fit O(10 3 ) randomly chosen permutations and take the difference of the mean of this set from the best fitā andη as the systematic error. From fitting all permutations in the single species case, up to N = 9, it was seen the systematic error stabilized well before the total number of combinations was computed and we assume this is also the case for the two-species case.
VI. RESULTS
A. Energies
Using the methods discussed above, we extracted the energies of the mixed and pure species system, from all ninety correlators. The final extracted values are shown in Tables   I and II 
B. Interactions
The extractions of interaction parameters from mixed meson energies were performed to yield the three scattering lengths and four three-body coefficients. This work builds upon the studies of [8] [9] [10] and presents the first measurements ofη 3,ππK , andη πKK since these parameters can only be measured within the framework of the mixed-meson system.
The most straightforward determination of the scattering lengths is given by using the eigenvalue relation from Eq. For the two-body parameters, the perturbative analysis (for both pure species and mixed species) is in agreement with the nonperturbative values. In the above results, only the final uncertainty, including all statistical and systematic contributions, is given as discussed above. A full list of our extractions can be found in Table III .
In previous studies, NPLQCD [54] , CP-PACS [55] , and ETMC [56] have measured the pion scattering lengths in the isospin, I = 2 channel. The NPLQCD determination of the are at non-zero lattice spacing and correspond to different discretizations, so agreement is not necessary. The I = 1, K + K + scattering length was also determined by the NPLQCD collaboration in Ref. [57] . An analysis of the two-point kaon correlator yielded a value of chemical potentials using finite differences following Refs. [9, 10] where systems of pions and kaons were investigated separately. In Refs. [9, 10] , remarkable agreement was found between the numerical results and the leading order (LO) χPT prediction [60] of the relation between the isospin(hypercharge) density and chemical potential
with j ∈ (π, K). The situation here is more complicated since there are finite differences acting in various non-orthogonal directions; the differences between E Nπ,N K and E Nπ−1,N K determine µ I while linear combinations of E Nπ,N K , E Nπ−1,N K , and E Nπ,N K −1 determine µ S 3 . One goal of this analysis is to see where on the µ S vs. µ I phase diagram [17] , the states created in the lattice calculation lie.
In Ref. [17] , leading order SU(3) χPT is used to predict three distinct phases for nonzero isospin and hypercharge chemical potential. The first is the normal phase where the ground state has a net particle number of zero. The other two phases are the pion-condensed and kaon-condensed phases. The transition between the kaon-condensed phase and the pioncondensed phase is predicted to be a first order phase transition, separated by the line [54] , NPLQCD [8, 9] , ETMC [56] , the present work's single species value, and the present work's multi-species value, respectively. Note that these calculations are at non-zero lattice spacing and use different discretizations so complete agreement is not expected.
to either condensed phase is expected to be of second order 4 and are defined by the lines µ S = m K − µ I /2 and µ I = m π . These predictions assume zero temperature and are likely softened by the non-zero temperature at which the lattice calculation is performed [62] .
In Fig. 9 , both the lattice calculations of (µ I , µ S ) and the χPT phase boundaries are shown (dashed lines). Data points corresponding to higher numbers of particle states are shown in a orange/reddish color, while lower numbers are given in a blueish/greenish color. Points with large uncertainties are excluded from this figure for clarity (the omitted data correspond to the highest particle numbers). It is striking that the calculated chemical potentials mostly lie near the first-order phase transition line predicted by χPT. Further calculations with larger numbers of pions and kaons will be enlightening, but more complex probes of these systems may be needed to fully understand the states that have been produced. 
VII. CONCLUSIONS
In this work, we have numerically studied complex systems of mesons of two distinct flavors, like-charged pions and kaons, and used them to extract information about the twoand three-body interactions amongst pions and kaons. Where known, the interactions were found to be consistent with previous calculations, however, two mixed-species three-body interactions were determined for the first time. Additionally, the isospin and strangeness chemical potentials and phase structure of the system have been investigated, with the systems preferring to probe a region in the (µ I , µ s ) plane where χPT predicts a first order phase transition.
A major aim of this work was to investigate technical issues that arise in the analysis of complex multi-hadron systems. Accounting for the thermal states that proliferate in such systems, which easily factorize into distinct color singlet states, proved challenging and future calculations should avoid this by using larger temporal extents. Additionally, a number of techniques to perform coupled fits to the O(100) correlators studied were investigated and found to be beneficial in the analysis.
In the future, calculations probing larger meson numbers will allow further investigations of the phase structure of these interesting QCD systems. To understand the structure of the condensed systems created in the current and future calculations, more complicated observables that access transport properties may be needed; investigations in this direction are under consideration. 
